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Abstract. A U(N) Chern-Simons theory on noncommutative R3 is constructed as a θ-deformed field
theory. The model is characterized by two symmetries: the BRST-symmetry and the topological
linear vector supersymmetry. It is shown that the theory is finite and θµν -independent at the one
loop level and that the calculations respect the restriction of the topological supersymmetry. Thus
the topological θ-deformed Chern-Simons theory is an example of a model which is non-singular in
the limit θ → 0.
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1 Introduction
It is well known that at the Planck scale the flat space-time must be modified drastically leading
to a noncommutative space-time. The corresponding field theories have to be formulated in
the framework of noncommutative geometry [1].
In this short letter we discuss the Chern-Simons theory with respect to a non-Abelian U(N)-
gauge group on noncommutative R3. In the corresponding θ-deformed field theory we are able
to establish the usual BRST-symmetry [2] and the topological vector supersymmetry (VSUSY)
[3]. The vector-like generators of this VSUSY give rise together with the BRST-operator to
a Wess-Zumino-like anticommutation relation which closes on-shell on the space-time transla-
tions.
At the classical level the Ward-identity characterizing the VSUSY is linearly broken in the
quantum fields. These breakings are induced by the external sources needed for the description
of the nonlinear terms of the BRST-transformations.
It is well known that in the commutative case the perturbative finiteness of the Chern-Simons
model is governed by the VSUSY within the algebraic renormalization procedure [3].
In the presented notes we are able to show that the Chern-Simons model is finite and inde-
pendent of the deformation parameter θµν at least at the one loop level. Additionally, the
perturbative calculations are in agreement with the restrictions coming from the VSUSY.
The letter is organized as follows. Section 2 gives a short presentation of θ-deformed field
theory. In section 3 we present the Chern-Simons theory as a θ-deformed field theory on a
noncommutative R3. The BRST-transformation and the VSUSY are introduced at the tree
level. Section 4 is devoted to sketch the perturbative calculation at the one loop level.
2 θ-deformed Field Theory
The noncommutative R3 is defined as the algebra Ax generated by x̂µ, µ = 1, 2, 3 satisfying the
commutation relation [4]
[x̂µ, x̂ν ] = iθµν , (1)
where θµν is a real, constant, antisymmetric matrix with rank 3. For a function f(x) on ordinary
R
3 one associates an element W (f) of the algebra Ax by
W (f) =
1
(2π)
3
2
∫
d3k eikµx̂µ f˜(k), (2)
where f˜(k) is the Fourier transform of f(x)
f˜(k) =
1
(2π)
3
2
∫
d3x e−ikµxµf(x). (3)
Using relation (2) the star product on R3 is defined by
W (f)W (g) = W (f ⋆ g), (4)
1
and one finds
(f ⋆ g)(x) =
∫
d3k
(2π)
3
2
∫
d3p
(2π)
3
2
ei(kµ+pµ)xµe−
i
2
θµνkµpν f˜(k)g˜(p). (5)
Relations (2) and (4) render a representation of functions on the algebra Ax [5], and thus allow
us to examine gauge theory on Ax by considering the counterpart on ordinary R3 with the
usual product replaced by the star product. From (5) follows∫
d3x(f ⋆ g)(x) =
∫
d3xf(x)g(x). (6)
Similarly, one gets for a triple product
(f ⋆ g ⋆ h) (x) =
∫
d3p1
(2π)
3
2
d3p2
(2π)
3
2
d3p3
(2π)
3
2
e−
i
2
θµν [(p1)µ(p2)ν+(p1)µ(p3)ν+(p2)µ(p3)ν ]
× ei(p1+p2+p3)µxµ f˜(p1)g˜(p2)h˜(p3). (7)
With n arbitrary fields φk one can show the validity of cyclic permutations∫
R3
d3x (φ1 ⋆ φ2 ⋆ · · · ⋆ φn) (x) = (−1)g1(g2+ ···+gn)
∫
R3
d3x (φ2 ⋆ · · · ⋆ φn ⋆ φ1) (x), (8)
where gi is the total grading of the field φi. Additionally, one can show that the functional
differentiation holds too, i.e.
δ
δφ1(y)
∫
R3
d3x (φ1 ⋆ φ2 ⋆ · · · ⋆ φn) (x) = (φ2 ⋆ · · · ⋆ φn) (y). (9)
Equations (8) and (9) imply now that the off-shell algebra of the relevant functional operators
describing the symmetry content of the model remains valid.
3 BRST-symmetry and Linear VSUSY
With a Lie-algebra valued gauge field Aµ(x) = A
a
µ(x)T
a, where T a are the N2 generators of the
U(N)-group,1 a = 0, 1, ..., (N2 − 1)
(
T 0
)
mn
=
(
2
N
) 1
2
δmn, (T
a)mn
with
[T a, T b] = 2ifabcT c, {T a, T b} = 2dabcT c, Tr (T aT b) = 2δab, (10)
one can define the gauge-invariant classical metric independent action as
Σcl = −
∫
d3x
1
2
ǫµνρ Tr
(
Aµ∂νAρ − 2i
3
Aµ ⋆ Aν ⋆ Aρ
)
, (11)
1Not all gauge groups are realizable in noncommutative field theory [5, 6, 7]
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which is invariant under the infinitesimal gauge transformation
δAµ = ∂µλ+ i (λ ⋆ Aµ − Aµ ⋆ λ) ≡ Dµλ, (12)
where λ is a Lie-algebra valued gauge parameter. The corresponding field strength is given by
Fµν = ∂µAν − ∂νAµ − i (Aµ ⋆ Aν − Aν ⋆ Aµ) . (13)
In order to quantize the model within the BRST-scheme, the gauge-symmetry is replaced by
the nilpotent BRST-symmetry [2, 3]
sAµ = Dµc, sc = ic ⋆ c, (14)
where c is the anticommuting Faddeev-Popov ghost field. Within the quantization procedure
a BRST-invariant gauge-fixing must be introduced in the following manner
Σgf = s
∫
d3x Tr (c¯ ⋆ ∂µAµ) , (15)
with
sc¯ = B, sB = 0, (16)
where c¯ is the antighost field and B the multiplier field implementing the Landau gauge. The
gauge fixing part of the action of course depends on the metric, chosen here as the flat Euclidian
one δµν . The total action is now
Σ = Σcl + Σgf . (17)
Besides the BRST-invariance, (17) possesses an additional global supersymmetry, whose gen-
erators carry the Lorentz index [3].
δνAτ = ǫµντ∂µc¯,
δνc = −Aν ,
δνB = −∂ν c¯,
δν c¯ = 0. (18)
The operator δν gives rise together with the BRST-operator to the anticommutation relations
δνδτ + δτδν = 0, (19)
δνs+ sδν = −∂ν + (eq. of motion), (20)
which close on-shell on space time translations. In order to describe the symmetry content
of the model with respect to the BRST-symmetry and the linear VSUSY, one has to write
down the corresponding Ward-identities (WI) at the classical level. In order to carry out this
procedure, one introduces external unquantized sources for the nonlinear pieces of the BRST-
transformations
Σext =
∫
d3x Tr (ρµ ⋆ sAµ + σ ⋆ sc) . (21)
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Then the total corresponding tree-level action is given by
Σ = Σcl + Σgf + Σext
= −
∫
d3x
1
2
ǫµνρ Tr
(
Aµ∂νAρ − 2i
3
Aµ ⋆ Aν ⋆ Aρ
)
+
∫
d3x Tr (B∂µAµ − c¯ ⋆ ∂µDµc)
+
∫
d3x Tr (ρµ ⋆ Dµc+ iσ ⋆ c ⋆ c) . (22)
The total action satisfies the nonlinear, θ-deformed Slavnov-Taylor identity
S (Σ) = 0, (23)
where
S (Σ) =
∫
d3x Tr
(
δΣ
δρµ
⋆
δΣ
δAµ
+
δΣ
δσ
⋆
δΣ
δc
+B ⋆
δΣ
δc¯
)
, (24)
which describes the BRST-symmetry. The VSUSY is characterized by the following integrated
functional differential operator
Wµ =
∫
d3x Tr
(
−ǫνµτ (∂ν c¯+ ρν) ⋆ δ
δAτ
− Aµ ⋆ δ
δc
− ∂µc¯ ⋆ δ
δB
− σ ⋆ δ
δρµ
)
. (25)
The WI operator (25) yields the linearly broken supersymmetry
WµΣ = ∆clµ , (26)
with
∆clµ =
∫
d3x Tr (−ǫνµτρν∂τB + ρτ∂µAτ − σ∂µc) , (27)
where ∆clµ is linear in the quantum fields.
4 One-loop Calculations
In order to check the one-loop UV and IR behaviour of the noncommutative Chern-Simons
model, one needs the corresponding Feynman rules. For the various propagators of the model
only the bilinear part of the full action (22) is relevant. However, due to the fact that noncom-
mutativity does not affect bilinear parts of the action (6), the propagators are the usual ones
[8]. In momentum space one therefore has
a b
a, µ b, ν
a, µ b 
G˜cc¯,ab(k) =
δab
(2π)
3
2
1
k2
, (28)
G˜AA,abµν (k) =
iδab
(2π)
3
2
ǫµνλkλ
k2
, (29)
G˜AB,abµ (k) = −
iδab
(2π)
3
2
kµ
k2
. (30)
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The interaction piece of the action (22) determines the corresponding Feynman-rules for the
three gluon vertex and the ghost-antighost-gluon vertex:
Σint =
∫
d3x Tr
(
i
3
ǫµνρAµ ⋆ Aν ⋆ Aρ + i∂µc¯ ⋆ (c ⋆ Aµ −Aµ ⋆ c)
)
= Trabc
∫
d3x
(
i
3
ǫµνρA
a
µ ⋆ A
b
ν ⋆ A
c
ρ + i∂µc¯
a ⋆ cb ⋆ Acµ − i∂µc¯a ⋆ Abµ ⋆ cc
)
, (31)
where Trabc = Tr
(
T aT bT c
)
. From (10) follows
Trabc = 2
(
ifabc + dabc
)
, (32)
and therefore the corresponding Feynman rules for the interaction vertices in momentum space
become
a, p1
b, p2, µ
c, p3
a, p1, µ
b, p2, ν
c, p3, ρ V˜
AAA,abc
µνρ (p1, p2, p3) =
1
(2π)
3
2
ǫµνρΩ
abc
θ (p2, p3), (33)
V˜ cAc¯,abcµ (p1, p2, p3) = −
1
(2π)
3
2
i (p3)µΩ
abc
θ (p2, p3), (34)
where Ωabcθ (p2, p3) is defined by
Ωabcθ (p2, p3) = 4
[
fabccos
(
1
2
p2 × p3
)
− dabcsin
(
1
2
p2 × p3
)]
, (35)
with p2×p3 = θµν(p2)µ(p3)ν . In order to carry out explicit calculations the following contractions
of the structure constants fabc and dabc are useful
fabcf dbc = N(δad − δa0δd0), (36)
dabcddbc = N(δad + δa0δd0). (37)
From the commutation relations we have additionally,
fabc =
1
4i
Tr
([
T a, T b
]
T c
)
,
dabc =
1
4
Tr
({
T a, T b
}
T c
)
. (38)
In order to verify the relations (36) and (37) one has to use the following completeness relation
for generators T a of the U(N) gauge group
(T a)mn (T
a)m′n′ = 2δmn′δnm′, m, n = 1, ..., N. (39)
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(a) (b) (c)
Figure 1: gluon self energy
Before doing explicitly the one loop analysis we want to stress that already at the tree level the
consequences of the VSUSY WI are fulfilled. In doing a Legendre transformation one gets from
the WI (26) that the propagator of the gluon field and the ghost-antighost-field propagator are
related. In momentum space one obtains
ǫµνλikλG˜
cc¯,ab(k) = G˜AA,abµν (k). (40)
For the three point vertices the following WI follow directly from (26)
i (p3)ν ǫµντ V˜
AAA,abc
λστ (p1, p2, p3) = δµσV˜
cAc¯,abc
λ (p1, p2, p3)− δµλV˜ cAc¯,abcσ (p1, p2, p3). (41)
These relations are indeed responsible for the one loop perturbative finiteness. In fact, one finds
that the gluon loop and the ghost loop contribution to the gluon self energy Πabµν are equal up
to a sign, and thus cancel. A similar result is found for the one loop vertex corrections which
therefore also vanish. Therefore, the loop cancellation present in the ordinary Chern-Simons
model [8] persists in the noncommutative case, i.e. the noncommutative Chern-Simons model
is finite to first loop order.
In the following we will explicitely perform the one loop analysis of the gluon self energy graph
(a) of fig.1 and show that the ’non-planar’ contribution arising due to the noncommutativity
is finite. Using the above Feynman rules one calculates the following expression for the gluon
self-energy with an internal gluon field,
Πabµν(p,−p) = −
1
(2π)6
∫
d3k
(2π)
3
2
(k+)µ (k−)ν + (k+)ν (k−)µ
k2+k
2
−
Ωacdθ (−k+, k−)Ωcbdθ (−p,−k−), (42)
where k+ = k +
p
2
and k− = k − p2 . Using now (36) and (37) one gets
Πabµν(p,−p) =
16N
(2π)6
∫
d3k
(2π)
3
2
(k+)µ (k−)ν + (k+)ν (k−)µ
k2+k
2
−
[
δab − δa0δb0 1
2
(
eip×k + e−ip×k
)]
. (43)
The first ’planar’ term is just the result which corresponds to the commutative model. From the
result (43) it is also seen that one has to use a U(N) gauge group in order to have a nontrivial
result. Now one can use the result of [8] with an appropriate regularization scheme in order to
discuss the θ-independent expression of eq. (43). The further discussion of the θ-dependent,
’non-planar’ part of (43) can be done with the techniques presented already in [9].
Using Schwinger parametrization
1
k2+
=
∫
∞
0
dα+e
−α+k
2
+ (44)
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we discuss now
Π′µν(p,−p) = −
∫
d3k
(2π)
3
2
(k+)µ (k−)ν + (k+)ν (k−)µ
k2+k
2
−
(
eip×k + e−ip×k
)
, (45)
and get
Π′µν(p,−p) = −
∫
d3k
(2π)
3
2
∫
∞
0
dα+
∫
∞
0
dα−
(
(k+)µ (k−)ν + (k+)ν (k−)µ
)
e−α+k
2
+−α−k
2
−
× (eip×k + e−ip×k) . (46)
In defining p˜µ = pλθλµ and
Iµν(η, p) =
{(
∂
∂yµ
∂
∂zν
+
∂
∂yν
∂
∂zµ
)∫
d3k
(2π)
3
2
e−α+(k+
p
2)
2
−α−(k− p2)
2
+iηp˜k−y(k+ p2)−z(k−
p
2)
}∣∣∣∣∣
y=z=0
.
(47)
Eq. (46) can be written as
Π′µν(p,−p) = −
∫
∞
0
dα+
∫
∞
0
dα− (Iµν(1, p) + Iµν(−1, p)) . (48)
In order to carry out the k-integration one introduces new variables
k′λ = kλ +
Bλ
α+ + α−
≡ kλ + Bλ
β
, (49)
with
Bλ =
1
2
[(α+ − α−) pλ − iηp˜λ + (y + z)λ] , (50)
in order to use gaussian integration∫
d3k′
(2π)
3
2
e−βk
′2
=
1
(2β)
3
2
. (51)
In this way one gets for (47)
Iµν(η, p) =
{(
∂
∂yµ
∂
∂zν
+
∂
∂yν
∂
∂zµ
)
1
(2β)
3
2
e
B2
β
−
βp2
4
−(y−z)p
2
}∣∣∣∣∣
y=z=0
. (52)
Doing explicitly the differentiation one finds
Iµν(η, p) =
1
(2β)
3
2
e
−
α+α−
β
p2− η
2
4β
p˜2
{
1
β
δµν − 2
(
α+α−
β2
pµpν + η
2 p˜µp˜ν
4β2
)
+ terms linear in η
}
,
(53)
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implying the following result
Π′µν(p,−p) = −2
∫
∞
0
dα+
∫
∞
0
dα−e
−
α+α−
β
p2−
p˜2
4β
1
(2β)
3
2
{
δµν
β
− 2
(
α+α−
β2
pµpν +
p˜µp˜ν
2β2
)}
. (54)
It remains to study the parametric integration (54). One has two different types of integrals
(with α = 1, 2)
I(i)α =
∫
∞
0
dα+
∫
∞
0
dα−
1
β
3
2
+α
e
−
α+α−
β
p2−
p˜2
4β . (55)
I(ii) =
∫
∞
0
dα+
∫
∞
0
dα−
α+α−
β
7
2
e−
α+α−
β
p2−
p˜2
4β . (56)
With the reparametrization
α+ = ξλ,
α− = (1− ξ)λ,
ρ = ξ(1− ξ)p2λ, (57)
one arrives at
I(i)α =
∫ 1
0
dξ
(
ξ(1− ξ)p2)(α− 12) ∫ ∞
0
dρ
1
ρ(
1
2
+α)
e
−
(
ρ+
ξ(1−ξ)p2 p˜2
4ρ
)
, (58)
and
I(ii) =
(
1
p2
) 1
2
∫ 1
0
dξ [ξ(1− ξ)]12
∫
∞
0
dρ
ρ
1
2
e
−
(
ρ+
ξ(1−ξ)p2 p˜2
4ρ
)
(59)
The ρ-integration is carried out with the formula [12]∫
∞
0
dx
x1−ν
e−γx−
β
x = 2
(
β
γ
) ν
2
Kν
(
2
√
βγ
)
, (60)
where Kν is the modified Bessel function [12, 13]. In this way one obtains
I(i)α = 2
(
4p2
p˜2
)(α− 12) 12 ∫ 1
0
dξ [ξ(1− ξ)](α− 12) 12 K 1
2
−α (z) . (61)
where z = (ξ(1− ξ)p2p˜2) 12 . Additionally, one has
I(ii) =
(
1
p2
) 1
2 √
2
∫ 1
0
dξ [ξ(1− ξ)]12 [ξ(1− ξ)p2p˜2] 14 K 1
2
(z). (62)
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With
K 1
2
(z) = K
−
1
2
(z) =
( π
2z
) 1
2
e−z, (63)
and
Kν−1(z)−Kν+1(z) = −2ν
z
Kν(z), (64)
one can show that I
(i)
1 behaves as
I
(i)
1 ∼
(
1
p˜2
) 1
2
× finite, (65)
which shows the usual IR-singularity for p˜→ 0. Whereas I(i)2 develops two contributions of the
form
I
(i)
2 ∼
(
p2
) 1
2
(
1
p˜2
)
× finite +
(
1
p˜2
) 3
2
× finite. (66)
These last terms must be multiplied by p˜µp˜ν . Thus the second term of (66) reproduces an
IR-singularity for p˜ → 0, whereas the first term leads to IR-regular, θ-independent matrix
elements.
A similar calculation for I(ii) yields
I(ii) ∼
(
1
p2
) 1
2
× finite, (67)
a θ-independent result. By setting θ = 0 the second term of (43) will produce a term propor-
tional to δ0aδ0b, (67). This term combines with the first part of (43) to reproduce the result of
the commutative SU(N) model.
5 Conclusion and Outlook
In this short note we have demonstrated the finiteness of the θ-deformed Chern-Simons theory
and its θµν-independence at the one-loop level.
Additionally, the obtained results are in agreement with the restrictions coming from the
VSUSY. In the limit θµν → 0 one gets the old results of [8]. Furthermore, since no radia-
tive corrections are present, the model is regular in this limit (see also [10] and [11]).
In a forthcoming paper we will discuss further topological field models of Schwarz-type and
Witten-type.
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